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ABSTRACT 

We discuss the gravity duals of 4d Af = 2 superconformal field theories (SCFTs) aris- 
ing from the low-energy limit of brane configurations of D4-branes stretched between 
and intersecting NS5-branes and D6-branes. This gives rise to a product of SU(Ni) 
groups, with bi-fundamental matter between adjacent groups, and extra fundamental 
hypermultiplets. The most general configuration in lid (or type IIA) supergravity 
that is dual to a 4d W = 2 SCFT (when the dual of this SCFT is a weakly curved 
background) was written down by Gaiotto and Maldacena, but finding it explicitly 
involves solving a complicated Toda equation. This equation simplifies only when the 
solution can be reduced to type IIA supergravity, so we ask for which SCFTs of this 
type is there a type IIA dual that is weakly coupled and weakly curved (away from 
NS5-branes and D6-branes). We find that such solutions (a special case of which was 
analyzed by Reid-Edwards and Stefanski) exist when there is a large number of gauge 
groups, with large ranks, and with large 't Hooft couplings for all but a finite number 
of groups. The general solution of this type is given by solving an axially symmetric 
Laplace equation in three dimensions, with specific boundary conditions. We match 
the parameters of the 4d SCFTs, including the exactly marginal coupling constants, 
with the boundary conditions for the Laplace equation. 
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1 Introduction and summary of results 

Finding the gravitational solutions describing configurations of branes intersecting other branes, 
or branes ending on other branes, is a challenging problem, which (even in the classical gravity 
limit) only has a solution in some very special cases. In addition to its intrinsic interest, this 
problem is also interesting in the context of the duality between gravitational theories and quan- 
tum field theories, since many interesting quantum field theories arise as the low energy limit 
of branes ending on and intersecting other branes (following [TJ[2]). Finding the corresponding 
gravitational solutions would enable (when they are weakly coupled and curved) studying the 
corresponding quantum field theories at strong coupling. In this paper we study this problem for 
a specific class of 4d Af = 2 superconformal field theories (SCFTs). 
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Recently, the solutions to type IIB supergravity describing the near-horizon limit of D3-branes 
ending on 5-branes [3] and D3-branes stretched between 5-branes [4] were found, using the general 
classification of type IIB supergravity solutions with OSp(A\A) symmetry [5J[5]. The former are 
dual to the 4d Af — 4 supersymmetric Yang-Mills theory on a half line with various boundary 
conditions that preserve 16 supercharges, while the latter are dual to the 3d Af = 4 SCFTs 
analyzed by Gaiotto and Witten [7J. The gravity solutions include the D5-branes and NS5-branes 
that were present in the original brane configuration; under suitable conditions, the solutions are 
weakly coupled and weakly curved away from the brane sources. Following these results, it is 
natural to search for gravity solutions describing configurations of branes intersecting and ending 
on other branes in type IIA string theory, that preserve the same amount of supersymmetry. 

Generic configurations of D4-branes stretched between and intersecting NS5-branes and D6- 
branes in R 9,1 [8 preserve 4d Af = 2 supersymmetry (eight supercharges). The low-energy 
theories on these branes are 4d gauge theories represented by linear quivers with n special unitary 
gauge groups, G = n™=i SU(Nt), with bi-fundamental hypermultiplets between adjacent grouptQ 
and extra fundamental hypermultiplets. In general these theories have only eight supercharges, 
making it difficult to find their gravity duals, since there is no classification of gravity solutions 
with eight supercharges; in particular, this is the case for the configuration of D4-branes ending on 
NS5-branes or D6-branes. However, when all D4-branes stretch between NS5-branes and/or D6- 
branes, and for a particular choice of the number of fundamental hypermultiplets for each gauge 
group, these brane configurations flow at low energies to superconformal linear quiver theories. 
The supersymmetry algebra for a conformal configuration is enhanced in the low-energy field 
theory to 577(2, 2|2), with 16 supercharges. These SCFTs have n complex exactly marginal 
deformations, corresponding to the gauge couplings and theta angles. 

The near-horizon limit of these brane configurations is some solution of type IIA string the- 
ory that is dual, by the AdS/CFT correspondence [9] [101 E], to these low-energy SCFTs. In 
some cases this solution may have a gravity approximation as a solution to type IIA supergrav- 
ity. However, the solution may have regions where it is strongly coupled, so we may need to 
consider solutions to eleven dimensional supergravity (M theory); any solution of type IIA su- 
pergravity may be lifted to a solution of lid supergravity, but the opposite is not necessarily 
true. Thus, to look for duals of such superconformal linear quivers which have a good grav- 
ity approximation, we need to look for solutions to type IIA or lid supergravity that preserve 
the 4d Af = 2 superconformal algebra S77(2,2|2) with 16 supercharges, and, in particular, with 
.50(2,4) x SO(3) x U(l) isometry. The general solution of lid supergravity preserving these 
(super)symmetries was found in [12] (see also [13]) in terms of a function that satisfies the 3d 
continuous Toda equation. Using this result, the gravity dual of a large class of 4d Af = 2 SCFTs 
(which includes the superconformal linear quiver theories we consider, and the SCFTs of class S 
introduced in [14]) was identified and analyzed by Gaiotto and Maldacena [15]. However, finding 
these duals explicitly (in the gravity approximation) generally involves solving the complicated 
non- linear Toda equation. As discussed in [15], this equation simplifies when the solution can 
be reduced to type IIA supergravity, in which case the 3d Toda equation reduces to the (linear) 
axially symmetric Laplace equation in three dimensions. 

Since we start from a type IIA brane configuration, we expect that (at least for some range 
of parameters) our theories will have a good type IIA supergravity approximation. So, in the 

2 Adding orientifolds gives straightforward generalizations to orthogonal and symplectic groups, that we will 
not discuss here. Putting the D4-branes on a circle leads to circular quivers, whose gravitational duals are rather 
different and will not be discussed here, though there are some limits in which these theories are related to ours. 
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1 INTRODUCTION AND SUMMARY OF RESULTS 



present paper we consider the question: for which 4d SCFTs arising as the low-energy theories 
on configurations of D4-branes stretched between and intersecting NS5-branes and D6-branes is 
there a type IIA dual that is weakly coupled and weakly curved (away from brane sources) 
A special case of such type IIA solutions was recently analyzed by Reid-Edwards and Stefanski 
[17] . We show that these solutions describe (in some cases) smooth backgrounds with D6-branes 
and NS5-branes, and we show that they give a good approximation to the dual of the infinite 
coupling limit of linear superconformal quivers that have a large number of gauge groups, with 
large ranks for all groups. We then show how to go away from the infinite coupling limit. We find 
that smooth solutions (away from branes) exist if we take finite couplings for a finite number of 
gauge groups in the large quiver. The general solution of this type is given by solving an axially 
symmetric Laplace equation in three dimensions, with specific boundary conditions that encode 
the ranks of the gauge groups and the finite gauge couplings. We were not able to find explicit 
solutions to this equation in the general case, but we discuss some of their general properties, 
and we hope that (since a linear differential equation is involved) the solutions may be explicitly 
found in the future. This would enable explicit computations to be performed in these 4d N = 2 
SCFTs at strong coupling. It would also be interesting to generalize our constructions to cases 
with orientifolds, and to similar theories in other dimensions (in particular 2d and 5d SCFTs). 

Note that one of the quiver theories we discuss is the SU(N C ) gauge theory with Nf = 2N C , 
but for this case the duals we discuss are highly curved and cannot be trusted. The dual theory 
in this specific case was recently discussed in [181 [T9] (see also [20] [21] [22] ) , where it was argued 
that it probably does not have a good gravitational approximation. However, we see that this 
theory can be viewed as a limiting case of theories (long linear quivers with many gauge groups) 
that do have good gravitational dual descriptions. Hopefully, this will be useful for finding a 
dual string theory description for this theory (finding such a dual is challenging since when the 
't Hooft coupling g\ M N c is large, the open string coupling of the dual g s Nf is also large). 

The paper is organized as follows. In section 2 we review the 4d A/" = 2 SCFTs that are realized 
as the low-energy limit of D4-branes ending on and intersecting NS5-branes and D6-branes. We 
provide the necessary conditions on the matter content for a theory to be conformal, and their 
geometrical interpretation in terms of the brane picture. In section 3 we review the general 
solution to lid supergravity with 5f7(2,2|2) symmetry, and how it relates to the supergravity 
duals to these 4d SCFTs. The solutions are parameterized by a function that satisfies the 
3d Toda equation. We then review the reduction ansatz to type IIA for solutions with 17(1) 
isometry, in which case the Toda equation reduces to the axially symmetric Laplace equation in 
three dimensions. In section 4 we review the subset of solutions of type IIA supergravity found 
explicitly in [17]. We discuss the field theory duals of these solutions, and analyze their range of 
validity. In section 5 we generalize to the case of finite gauge couplings. We construct the general 
solution of type IIA supergravity dual to linear quiver SCFTs in terms of a function that satisfies 
an axially symmetric Laplace equation in three dimensions with specific boundary conditions, 
and provide the necessary conditions for its validity. 



3 In type IIB string theory it was proven in 29 that no such weakly curved solutions, with the SU (2)r symmetry 
realized geometrically, exist. 
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2 Review of 4d J\f = 2 SCFTs from brane configurations 

In this section we review the 4d = 2 SCFTs that are realized as the low-energy limit of 
D4-branes ending on and intersecting NS5-branes and D6-branes jS]. The low-energy theories on 
these branes are represented by linear quivers with special unitary gauge groups. We describe the 
necessary conditions on the matter content for a theory to be conformal, and their geometrical 
interpretation in terms of the brane picture. We end by summarizing the general expectations 
for the form of the holographic duals for these superconformal theories. 

2.1 4d J\f = 2 brane configurations in type IIA 

We consider configurations of D4-branes, NS5-branes and D6-branes in type IIA superstring 
theory on R 9,1 , preserving eight supercharges. The corresponding world- volumes span the coor- 
dinates (x°, x 1 , x 2 , x 3 , x 6 ), (x°, x 1 , x 2 , x 3 , x 4 , x 5 ) and (x°, x 1 , x 2 , x 3 , x 7 , x 8 , x 9 ), respectively, with 
the D4-branes having a finite extent in the a; 6 coordinate. For the conformal theories that we 
are interested in, all D4-branes and NS5-branes are at x 7 = x s = x 9 = 0, and all D4-branes 
and D6-branes are at a; 4 — x 5 — 0. By moving D6-branes in the x 6 direction (without chang- 
ing the low-energy physics), we can bring any such supersymmetric brane configuration which 
describes a non-trivial supersymmetric quantum field theory (QFT) to a "canonical form" . In 
this form we have N$ NS5-branes (with N$ > 2 whenever we have a non-trivial QFT), with k n 
(n = 1, iVg — 1) D4-branes stretched between the n th and (n+l) th NS5-branes, and intersecting 
a stack of d n D6-branes. The total number of D6-branes is X^iT 1 — ^D6', see figure[T]a). 

By moving the NS5-branes and the D6-branes around in the x 6 direction, we can find different 
brane descriptions of the same low-energy physics. As explained in [HE] for a similar configuration 
in type IIB string theory, when a D6-brane and a NS5-brane move past each other in the x 6 
direction, a D4-brane stretched between them is created or annihilated. Brane configurations 
leading to inequivalent low-energy physics are characterized by a set of topological invariants for 
the NS5-branes and the D6-branes called the linking numbers [2] . These invariants are defined up 
to constant shifts. There are two natural definitions for the linking numbers if, and L n of the i th 
NS5-brane, and of the d n D6- branes in the n th stack of D6-branes. Denoting by DA^ i the number 
of D4-branes stretched to the right of the i th NS5-brane or n th stack of D6-branes, by D4^ i the 
number of D4-branes stretched to the left of the i th NS5-brane or n th stack of D6- branes, by 
£>6f ' L the number of D6-branes to the right (left) of the i th NS5-brane, and by NS5^ L the 
number of NS5-branes to the right (left) of the n th stack of D6-branes, these definitions are given 



These two definitions are convenient because they both obey that the sum of all linking numbers 
vanishes : 



by: 



1) Ki = D4f -D4f + D6f, L n = D4% - D4^ - NS5, 



(2.1) 



2) Ki=DAf-DAf-DQf, L n = D4$ - D4%+ NS5%. 




(2.2) 



Since the D4-branes have finite extension in the a; 6 direction, the low-energy physics on the 
D4-branes is four-dimensional. The 4d low-energy gauge theory can be read off from the brane 
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2 REVIEW OF4DAf=2 SOFTS FROM BRANE CONFIGURATIONS 



configuration. For k n coincident D4-branes, the D4-D4 open strings for a given n are described by 
an Af = 2 super Yang-Mills (SYM) theory with gauge group U(k n ). The U(l) factor decouples 
at low energies (from the brane point of view, it is non-dynamical due to its coupling to the 
NS5-branes [8]). The total gauge group of the configuration is thus JI^iT 1 SU(k n ). The D4-D4 
strings between the fe n -i an d k n D4-branes ending on the n th NS5-brane give rise to a massless 
hypermultiplet transforming in the bifundamental representation (k n _i,k n ). In addition, the 
D4-D6 strings stretched between the k n D4-branes and the d n D6-branes contribute d n massless 
hypermultiplets in the fundamental representation k n . The field theory corresponding to the 
given brane configuration is thus the 4d Af = 2 gauge theory represented by the linear quiver 
diagram in figure [T] b) . 
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Figure 1: a) Canonical description of a general brane configuration. Horizontal lines denote D4- 
branes, vertical lines denote NS5-branes and diagonal broken lines denote D6-branes. b) Linear 
quiver describing the gauge theory corresponding to the brane configuration in a). Circular 
nodes denote special unitary gauge groups SU(k n ). Horizontal lines between consecutive circular 
nodes denote bifundamental hypermultiplets. Square nodes denote a unitary global symmetry 
group U(d n ). A line connecting a square and a circular node denotes d n hypermultiplets in the 
fundamental representation of SU(k n ). 

The one-loop beta function coefficient of the gauge node SU(k n ) is 

fe ,n = -2fc„ + fc„_i + k n+1 + d n - (2.3) 

A Af = 2 gauge theory is conformal if and only if all these beta function coefficients vanish, 

d n = 2fc„ — fc„_i - kn+i, Vn (2.4) 

(with kg — k^ 5 =0). In particular, configurations of this type without D6-branes can not be 
conformal f (|2.4p implies that Nne = k\ + fcjv 5 _i). The supersymmetry algebra for a conformal 
configuration is enhanced in the low-energy field theory to SU(2, 2|2), with 16 supercharges. 



2.1 4d Af — 2 brane configurations in type IIA 
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We will be interested in these superconformal brane configurations in the present paper. The 
condition (|2.4[) implies that the linking numbers of the NS5-branes are all the same, and given 
by (using the second definition, as we will from here on) 

Ki = -k Nt -i, i= 1,2,- •• ,N 5 . (2.5) 



In generic brane configurations of the type described above, the D4-branes ending on the 
NS5-branes causes them to bend logarithmically (x 6 depends logarithmically on \x 4 + ix 5 \) [8]. 
More precisely, the coefficient of the logarithmic bending is governed by the linking number of 
each NS5-brane. Such a bending breaks the low-energy conformal symmetry so it cannot appear 
in superconformal brane configurations. Indeed, for such configurations in which the linking 
numbers of all NS5-branes are equal, there is a coordinate system in which there is no bending, 
and each NS5-brane sits at a fixed value x\ (i = 1, ■ • ■ , N5). The D6-branes also bend by an 
amount proportional to their linking number, but this bending goes as a power law (since the D4- 
branes are co-dimension three objects inside the D6-branes) so it is consistent with the low-energy 
conformal invariance. 

The classical gauge coupling g n of the gauge group SU{k n ) is obtained from the 5d coupling 
of the world-volume theory of the k n D4-branes by a Kaluza-Klein reduction over the interval 
[x^, ^n+i]- The gauge couplings for a superconformal linear quiver are given by 



g s l s 



(2.6) 



The low-energy limit giving our SCFTs is described by taking l s to zero while keeping fixed g\ 
given by (|2.6[) . In this limit all NS5-branes are very close to each other in string units. We can 
further take a strong coupling limit g n — > 00 for the SU(k n ) gauge group, by bringing together 
the two NS5-branes, x^ +1 — > x^. We will see that such strong coupling limits will play a special 
role in the holographic duals that we will find. Note that a given configuration can have different 
strong coupling limits, in which m < N$ NS5-branes are kept at a finite distance, i.e. the gauge 
couplings of m — 1 gauge groups are kept finite, while the remaining gauge couplings are sent to 
infinity. 

The theta angle 8 n of the gauge node SU(k n ) is not visible geometrically in the type IIA 
brane configuration, but it becomes visible when it is lifted to M-theory [8]. Recall that type 
IIA superstring theory on R 91 is equivalent to M-theory on R 9 1 x S 1 , and NS5-branes lift to 
M5-branes localized on the S 1 . If we denote the S 1 coordinate by a; 10 (with periodicity 2ir), the 
theta angle of the n th gauge group is the difference between the locations of the (n + l) th and 
n th NS5-branes in the M-theory circle, 9 n = x]^ +l — 

To summarize, a linear Af = 2 superconformal quiver theory of the type we consider in this 
paper is parameterized by the number of NS5-branes N§ (equal to the number of gauge group 
factors plus one), the (A5 — 1) complexified coupling constants (including the gauge couplings 
g n and the theta angles 9 n ), and the integer parameters d n and L n determining the number 
of D6-branes in each D6-brane stack and their linking numbers. From these numbers one can 
compute the k n , using (|2.4p . and thus identify the gauge groups. The L„'s are constrained by 
(|2.2p (noting that Ki are determined using (|2.5|) in terms of k n ). 
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2 REVIEW OF4DAf=2 SOFTS FROM BRANE CONFIGURATIONS 



2.2 Examples of 4d M = 2 SCFTs 

We proceed by giving examples of two classes of superconformal linear quiver gauge theories that 
have interesting large N limits that we will examine later in this paper. Generally a large N 
limit involves a large number of D4-branes, but the numbers of other branes can be kept finite 
or grow with N, depending on the case. 

1. Example with different gauge group ranks and one stack of D6-branes : 
Consider the following theory (for even values of N 5 ) : 

nN, n= I,.-- ,N 6 /2 

(N 5 ~n)N, n = N 5 /2 + l,...,N 5 -l, 

2N, n = N 5 /2 
0, n ? N a /2. 

In this theory we can obtain large rank gauge groups either by taking N to be large, in 
which case the number of D6- branes becomes large but the number of NS5-branes does not, 
or by taking N$ to be large, in which case the number of NS5-branes becomes large but 
the number of D6-branes does not. The associated quiver is depicted in figure [2] a). The 
linking numbers are 

Ki = —N i=l,---,N 5 , 

' ' (2.8) 

Ln 5 /2 = N 5 /2. 

For the special case of = 2 this theory is simply the SU(N) SQCD theory with 27V 
flavors. 

2. Example with equal gauge group ranks and two stacks of D6-branes : 
This example is defined by 



k n = N, n = l,...,N 5 -l, 

N, n=l,N 5 -l (2.9) 
0, n = 2,...,N 6 -2. 



d n = 



Here there is only one large N limit one can take, by taking the numbers of D4-branes and 
D6-branes to infinity while keeping the number of NS5-branes fixed. The associated quiver 
is depicted in figure [5] b) . The linking numbers are 



K t = -N, i=l,...,N 5 , 

1, n = l (2-10) 

(JVb-1), n = JV B -l. 



L„ = 



For N$ = 2 this theory is again equivalent to the SU (N) SQCD theory with 2N flavors, 
but for higher values of N$ the two examples yield different theories. 



Of course, in all examples the linking numbers satisfy (|2.2|l . 



2.3 Expectations for the dual string theory backgrounds 9 




Figure 2: a) The quiver diagram for our first example, with varying ranks, b) The quiver diagram 
for our second example, with equal ranks. 

2.3 Expectations for the dual string theory backgrounds 

In this paper we would like to find the string theory backgrounds dual to the superconformal 
theories described above. On general grounds [101 QT|, we expect these to be given by the 
near-horizon limit of the brane configurations of figure [1] a). The near-horizon limit replaces 
the D4-branes by their back-reacted background, while leaving the NS5-branes and D6-branes as 
branes in the background, which may or may not have large back-reactions. In particular, the 
gauge fields on the D6-branes in the holographic dual backgrounds provide the flavor symmetries 
acting on the fundamental hypermultiplets for our superconformal theories, so we should keep 
these gauge fields in our description. 

The most naive expectation would be to get a background of type IIA string theory. The 
bosonic symmetry SO(2, 4) x SU(2) R x U(1) R of our theories (of which an SO(l, 3) x SU(2) R x 
U(1) R subgroup is realized geometrically in the brane construction) requires the dual metric to 
be a product AdS§ x S 2 x S 1 x with the other spaces warped over the Riemann surface The 
NS5-branes and D6-branes are expected to wrap AdS§ x S 1 and the AdS§ x S 2 subspaces of this, 
respectively. This is completely analogous to the recent constructions of type IIB supergravity 
solutions dual to D3-branes ending on 5-branes |3j and D3-branes stretched between 5-branes [4] 
(these constructions are special cases of the general solutions of [SIS]). 

However, it is not clear if this expectation is correct. First, it is far from obvious that the 
string coupling in the holographic description is weak, and if not, we would need to lift the 
backgrounds above to M theory, and replace £' by some three-dimensional manifold. If we were 
taking the 't Hooft limit of large number of colors with gy M N fixed and the numbers of flavors 
fixed, we would expect to get a weakly coupled string background (with g s ~ However, 
in the most naive large N limit, where we keep the number of NS5-branes fixed, the number of 
D6-branes grows with the number of D4-branes, so this is a Veneziano-type limit in which the 
number of flavors scales with the number of colors, and it is not clear if it should really have a 
weakly coupled string description or not. In particular, for our second example there is no apriori 
reason to expect the string coupling in the dual description to be weak. In our first example, if 
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3 REVIEW OF M-THEORY SOLUTIONS WITH SU(2, 2|2) SYMMETRY 



we take large N with fixed iVg, we have a large number of flavors at large N, but for large N5 it 
is much smaller than the number of colors, so we may expect a weakly coupled string dual in this 
case (which is close to the usual 't Hooft limit). If, on the other hand, we take in this example 
large N 5 instead of large N, then the number of flavors is small, but the number of gauge groups 
is very large, so it is again not clear if a weakly coupled string description should exist. 

Similarly, it is not clear apriori when the dual string backgrounds should be weakly curved. 
In the standard 't Hooft limit, this often happens when the 't Hooft couplings 9ym^ are large. 
This is the case in particular for the M = 2 theories coming from circular quivers. But for most 
of our theories the number of flavors is large, so it is not obvious when the curvature should be 
small. A similar concern is that in order to be able to trust string perturbation theory, we not 
only need g s to be small in the dual description, but also the couplings on the D6-branes and 
the NS5-branes. The former go as g s d n , which is one of the reasons why we need the number of 
flavors to be much smaller than the number of colors. 

Unfortunately, when the dual background is not weakly curved we do not have any good tools 
to analyze it. In this paper we will look for solutions that are weakly curved, and check which 
gauge theories (for which parameters) are well-described by them. For simplicity we will also 
look only for solutions in type IIA string theory, and not in M theory. This is expected to include 
any 't Hooft-like limits of our gauge theories, and it may include also additional theories. Other 
limits may have good descriptions in M theory, that are beyond the scope of this paper. Since 
we are looking for weakly curved backgrounds in type IIA string theory, we will be analyzing 
solutions to type IIA supergravity. For each solution we will need to check if the solution is 
weakly coupled and curved, and if the theories on the branes are also weakly coupled, for our 
approximations to be self-consistent. We will see that indeed there is some class of theories, and 
some range of couplings, for which such type IIA supergravity backgrounds (with branes) will be 
good approximations to the holographic duals of our SCFTs. 



3 Review of M-theory solutions with S77(2,2|2) symmetry 
3.1 lid supergravity with £0(2,4) x £0(3) x U(l) symmetry 



The general solutions of lid supergravity preserving the 4d Af = 2 superconformal algebra 
SU (2, 2|2) with 16 supercharges, and, in particular, with SO(2, 4) x 50(3) x U(l) isometry, were 
found in [12]. Any solution of type IIA supergravity can be lifted to an M theory solution with 
no dependence on the M theory circle, so, as we will discuss in more detail below, the type IIA 
solutions we are looking for should be special cases of these solutions. As discussed above, such 
solutions contain a three-dimensional space whose form is not determined by the isometry, and 
we label it by (x±,X2,y)- A solution with no sources is then described [12j by a single function 
D(x±,X2,y) that obeys the continuous Toda equation 



2 X1 D + d 2 X2 D + 8 2 y e D = 0. 



(3.1) 



The lid supergravity fields take the form 



ds\ x =n 2/3 e 2X Ads 2 A 




4 



(dx + Vidx 1 ) 



d v D 



(dy 2 + e 



Sijdx 1 dx 3 ) 



'AdSn + V 



1 - yd y D 



y 



G( 4 ) =dC(3) = kF(2) A d£l 2 



(3.2) 



3.2 Boundary conditions for the Toda equation 
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where 



F m =2 



{d X + vdx 1 ) A d(y 3 e- 6X ) + y(l - y 2 e- 6X )dv t A dx 1 - -d y e D dx 1 A dx 2 



Vi =-SijdjD, (i = 1,2) 



-6A 



dyD 



(3.3) 



y(i-yd y D)- 



Here, dfl 2 is the volume form on the two-sphere. The overall normalization constant k determines 
the normalization of the 4- form flux, and can be rescaled by rescaling y and e D . 

These solutions were analyzed in |15j . where the authors identified the necessary boundary 
conditions for the Toda equation to obtain supergravity duals to the large class of 4d TV = 2 
SCFTs constructed in [14] (which include the theories we discussed in the previous section). In 
the rest of this section, we summarize these conditions for the case of supergravity solutions dual 
to the subset of Af = 2 SCFTs described in section [2l 



3.2 Boundary conditions for the Toda equation 

Regularity of the metric at the point y — 0, where S 2 shrinks to zero size, requires 

d v D\ y=o = 0, e D \ y=0 = finite, (3.4) 

such that the last term in the metric remains finite (d y D/y has a smooth limit as y — > 0). 

As discussed above we expect our solutions to describe theories on D4-branes, and to contain 
NS5-branes, which means that when lifted to M-theory we expect them to include non-trivial 
4-form flux. In order to have a non-trivial 4-cycle that can support 4-form flux, we look for 
solutions where shrinks to zero size at a point y — y c , such that a 4-cycle M4 is given by 
the product S 2 x x I y warped over the interval I y — {y\0 < y < y c }. This requirement is 
equivalent to 

d y D 00, (3.5) 



which implies 



-6A, _ 1 



(3.6) 



iy=yc y 2 ' 

Regularity of the metric at y — y c then requires 

e D \ y=ye ~ (y-y e ), (3.7) 

and the 4-form flux on Ma is then 



G(i) — K / dCi 2 / -F 1 (2)U i =const 
Ma J S 2 JSlxIy 

Vc 



; ( d£l 2 [ dQi dy 2d y {y 3 e- 6X ) 
Js 2 Jsi Jo 



(3.8) 



, S 2 

= K (47r) 2 y c . 

Choosing k — ^l 3 implies that y c is quantized to be an integer. 
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3 REVIEW OF M-THEORY SOLUTIONS WITH SU(2, 2|2) SYMMETRY 



We want to allow also sources to the supergravity equations, corresponding to NS5-branes in 
type IIA and thus to M5-branes in M theory. The presence of a localized source for the 3-form 
potential with 7V 5 units of 4-form flux requires that the Toda equation be supplemented with an 
extra boundary condition in the form of a singular source located at X — Xq and extended along 
y as follows [T5] 

d 2 Xi D + d 2 X2 D + d 2 y e D = -2ir8M(x-x )0(2N s -y). (3.9) 
Although solutions to (|3.9[) are singular, the full ten dimensional metric is non-singular. 



3.3 Solutions with an extra U(l) symmetry 

Finding solutions to the non-linear Toda equation (|3.1[) is a difficult task. However, as mentioned 
above, we are mostly interested in type IIA solutions which would describe the standard 't Hooft 
limit (if it exists) of the gauge theories we are interested in. Formally we can reduce a solution to 
type IIA if it is independent of some compact circle direction, so, following |15 [ 117 ) . we will look 
for solutions that have such an isometry. Note that since we have sources, this means that we will 
have to smear our sources along the isometry directions, and our solutions will not correspond 
directly to physical theories in which these sources are localized. Specifically, since the positions 
of the branes in the M theory direction determine the theta angles, our solutions will involve a 
smearing over all values of these parameters. Apriori one would not expect such a smearing to 
give sensible results, but we will argue below that in some range of parameters it does, and that 
the smeared solutions we will find are good approximations to the exact solutions, in which the 
sources are not smeared (and there is no isometry). 

So, we consider polar coordinates (r, /3) in the zia^-plane, and look for solutions with a U(l)/3 
isometry D{x\,X2 1 y) — D(r,y). It turns out [23] that in this case the problem simplifies by 
performing the following implicit change of coordinates from (r, y) to (p, 77), 



r 2 e D 



y = pd p V = V, lnr = d„V = V, 



(3.10) 



which replaces D(r,y) by V(p,rj). In terms of V, the Toda equation becomes a two-dimensional 
partial differential equation (PDE) that is equivalent to the axially symmetric Laplace equation 
in three dimensions 



-d p ( P d p v) + d 2 v = 0, 



or 



In the new variables, the lid supergravity fields 



V + p 2 V" = 0. 
take the form 



(3.11) 



ds n 



a 



(3) 




(3.12) 



where 



A = (2V - V)V" + (V) 



'\2 



(3.13) 



3.4 Boundary conditions for the Laplace equation 
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3.4 Boundary conditions for the Laplace equation 

In the new coordinates, the y = plane maps to any surface on which V vanishes, while y = y c 
maps to p = 0. The p coordinate goes from zero to infinity, diverging whenever we have a 5-brane 
source (|3.9p . On the other hand, the rj coordinate turns out to have finite extent (which we take to 
be from n = to rj = ?; c ) in interesting solutions. Thus, the remaining two-dimensional space £' 
is a half-strip 0<p<oo,0<?7<77 c . As discussed in [15], one can have orbifold singularities in 
M theory at r = or at r = oo, which will map to D6-branes in type IIA; in the new coordinates 
these sit at p = and some value of 77. 

The boundary conditions for the two-dimensional PDE p. lip in terms of V(p, rj) become 

VVo,„. = 0, V\ p=0 = Afa), (3.14) 

with A(?y) related to the D6-branes. If we think of (|3.11j) as an axially symmetric electrostatics 
problem in three dimensions, then A(t?) can be interpreted as a line charge density sourcing 
the electrostatic potential V{p,rj), while the first boundary condition can be interpreted as two 
infinite conducting disks located at 77 = 0,i] c . In this language, the potential V satisfies the 
axially symmetric Poisson equation in three dimensions 

-d p ( P d p v) + d 2 v = Afa)-La(p), (3.i5) 

p TT\p\ 

subject to the boundary conditions V\ ri= o t r ll . = 0. 

Quantization of fluxes wrapping non-trivial cycles imposes strong constraints on the allowed 
form of A(?y) |15) . They can be summarized as follows: 

• The line charge density X(rj) must be piece-wise linear and continuous, composed of seg- 
ments of the form \(rj) = ctiT} + qi with a, € Z. 

• The change of gradient at a kink (where two adjacent line segments meet) must be an 
integer and the gradient must decrease with successive line segments, i.e. aj — a^_i € 7LT . 

• A(0) = A(77 C ) = 0. 

• The positions of the kinks in the 77-axis must be at integer values 77 = m S Z + . 

This implies in particular that r\ c = N5 £ Z + and r\ £ [0, N5]; it is easy to show that N$ is the 
4-form flux emanating from the sources at p = 00. We will analyze in more detail the sources 
at p = 00 below. A typical A-profile is depicted in figure |3] When \cn — a<— 1| > 1 the M theory 
geometry contains an Ai ai _ 0j _ 1 i_i singularity transverse to AdS§ x S 2 , which will reduce to D6- 
branes in type IIA. As we will see in section [H this fact fits nicely with the brane interpretation 
of the solutions. 



3.5 Reduction to type IIA 

Having the U{l)p isometry, the solution A3. 12)) can be reduced to type IIA supergravity by 
dimensionally reducing along the circle S^. Using the standard reduction ansatz 

ds 2 n =e-i* 9liv dx»dx v + e^(d/3 + A p dx^) 2 , 
C {3) =A {3) +B {2) Adf3, 
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4 SOLUTIONS WITH ONE STACK OF NS5-BRANES 




Figure 3: Typical consistent profile for the line charge density X(rf). 



one finds that the type IIA metric is the product AdS$ x S 2 x S 1 x £' warped over £', where £' 
is the half-strip parameterized by the coordinates (p,rj). The explicit form of the metric in the 
string frame is 



2V-V 
V" 



4ds AdS 5 



2V"V , 2 2V",_ 2 , 2 , 4F" 2 , 2 

— = — dsl 2 + —:— (dp 2 + dr) 2 ) + —. -ffdx 

A V 2V - V 



The remaining NS-NS fields are 

c ^_ 4(2V-V) 3 
V"V 2 h 2 ' 



B (2) = 2k 2 ^ 



- rj dn 2 , 



(3.17) 



(3.18) 



while the RR potentials are 



1/3 2VV j 

A (1) = k 1 ^—. ^dx, 

( ' 2V-V 



A(3) = -k 



W 2 V 
A 



■d\ A dQ 2 - 



(3.19) 



Locally this is a good solution whenever the metric is positive, and one can show that this is true 
whenever 

^7>0. (3.20) 

We will analyze the singularities in these solutions, and their range of validity, below. 

Following the conventions of [24] . quantization of various fluxes requires k — (a') 3 / 2 . In the 
rest of the paper we will use units in which a' = 1 . 



4 Solutions with one stack of NS5-branes 
4.1 General solution 

A large class of solutions satisfying the boundary conditions of section [3~4l was constructed in |17) . 
We will see below that these are not the most general solutions with these boundary conditions, 
but we start by analyzing in detail the solutions that they found. A solution is characterized by 



4.1 General solution 
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a line charge density X(rj) satisfying the conditions reviewed above, 

{dor) if < rj < n\ 

air] + qi if n\ < n < n 2 
. " (4-1) 

aLV + QL if n L < i] < N 5 , 

with qi determined in terms of a^n^ by continuity of X(rj). The 2L + 1 parameters a^n^ are 
constrained by the requirement \(N§) — 0, or 

a ni + a\{n 2 — rti) + a 2 {n 3 — "2) + ■•• + cll(N 5 — n L ) = 0. (4.2) 

The line charge density can be written as a sum of simple building blocks 

L + l 

= - Y^ " 1 - «i-i)A(?7;ni), (4.3) 



where 



Kmn i ) = \{\r l + n i \-\r 1 -n i \) = {l * ^ J ^ (4.4) 



In this expression cll+i = and Ul+i = N5. The solution may thus be written as a superposition 
of the solutions with the simple sources (|4.4|) . 

The solution can be found by using the method of images with respect to the points rj = 0, N§, 
which implies that the solution should be odd and periodic in 77, with a half period given by the 
profile above, and extended along the whole real line. \(rj) as written in (14.31) is odd, and the 
periodicity of 2./V5 may be implemented by performing the replacement 

00 

X(ri) -> X P ( V ) = Y, Mv-2mN 5 ). (4.5) 

m— — 00 

Due to the form of the boundary conditions, it is convenient to present the solution in terms of 
V. The solution satisfying the boundary conditions (13. 14|) for the line charge density (|4.1[) can 
be written in two useful representations [17] 

00 L + l 



v(p^)=\ Y.( a * - (vV + ~ 2mN $ - n *) 2 - vV + ( ? ? - 2mN5 + n *) 2 ) 

m=-oo i=l / 4 g x 

00 ^ ' 

= ^ -^.n-^i {v n p) sin (w n 77) . 



71=1 

In the second equation K\ denotes the modified Bessel function of the second kind of order one, 
and we defined 

2 L 7T 

An = - V7a 4 - ai_i) sin (w n n,) , oj n = — . (4.7) 
Note that the possible contribution with ul+i = N§ vanishes in the definition of A n . 
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4 SOLUTIONS WITH ONE STACK OF NS5-BRANES 



For consistency, the solution (|4.6[) must satisfy the positivity condition p. 201) . V" satisfies 
the same differential equation (|3.11[) as V does, while V satisfies a slightly different differential 
equation 

d 2 p V - -d p V + d 2 n V = 0, (4.8) 

which is an elliptic PDE in two dimensions. Hopf's maximum principle [27] for the solutions 
to an elliptic PDE says that extrema of any solution can only appear on the boundary. The 
boundary conditions for V define the solution and are given by 

V\ P =o = \(rj) > 0, VVo,jv. =0, V 0. (4.9) 

Thus, V > in the interior. V" satisfies a 2d equation that is equivalent to the axially symmetric 
Laplace equation in three dimensions, which is also elliptic, so the same principle holds there as 
well. From the 3d point of view the boundaries are at p — > oo and at r\ — 0, Nq, where V" obeys 

V"\ ri=0 , N5 =0, V'^^O. (4.10) 

V" also has sources (from the 3d point of view) in the interior, at p — and r\ — rii, which are all 
positive (as we show explicitly below). Thus, we also have V" > everywhere, and the metric is 
indeed positive. 

4.2 Behavior near special points 

To understand the topology of the solution, we analyze the behavior of the supergravity fields 
near the zeros and singular points of the potential V(p, 77) and its various derivatives. We first 
analyze the metric and 3-form, and then tackle the problem of defining and computing a globally 
well-defined and conserved 4-form flux, which is subtle due to the presence of a Chern-Simons 
type term in the type IIA supergravity action. From the form of the metric p,17[) and our 
boundary conditions, it is clear that the 2-sphcrc shrinks at 77 = 0, N5, and there is a non-trivial 
3-cycle formed by this two-sphere together with the r\ direction. We show that this 3-sphere 
surrounds NS5-branes sitting at p = 00. We also show that at each point p = 0, 77 = n, we have 
a collection of D6-branes surrounded by a non-trivial 2-cycle, and that all other points in the 
background are regular. 

4.2.1 Asymptotic region at p — > 00 

To study the behavior of the various derivatives of the potential V(ri, p) in the asymptotic region 
p — > 00, we note that as p — > 00 



A^Kp)^- e-^P. (4.11) 



(4.12) 



Thus, the leading term in the second line of (|4.6|) is the one with n = 1. Hence 

V ->■ y^^i sin (uiri) p^e'"^, V" -> V^F^ 1 sin P~ 1/2 z~ UlP , 



4.2 Behavior near special points 
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The string frame metric then has the asymptotic form (for p — > oo) 



ds 2 — > ip(ds 



2 

AdSs 



d X ) + 



sin 



TTfj 



2vr 2 



(4.13) 



In the parentheses we have an 5 13 with a constant string frame radius proportional to y/N^. The 
remaining supergravity fields behave as follows 



2/V; 



^7 



-> 0, 



(2) 



A (3) -> 0. 



(4.14) 



In all our solutions the 2-sphere vanishes both at r\ — and at 77 = r/ c , so the 2-sphere times the 
interval 77 £ [0,r] c ] is topologically a 3-sphere. Only the second term in B/ 2 ) contributes to the 
3-form flux on this 3-sphere, which is given by 



f ff (3) = -(2^) 2 iV 5 . 



(4.15) 



The form of the supergravity fields near p = 00 is very similar to the solution for N$ NS5- 
branes, wrapped on the AdS§ x S 1 at p = 00; the only difference (asymptotically) from the 
standard linear dilaton solution describing NS5-branes in flat space is some powers of p appearing 
in the expressions for the dilaton and the metric. These powers are related to the fact that the 
NS5-branes live on a curved space (they also appear in solutions for NS5-branes wrapping spheres, 
as in [551 US])- For large N$ the type II A metric is weakly curved near p — 00, but the dilaton 
diverges there, so for large enough p we need to lift the solutions again to M theory. Once we 
lift to M theory, the NS5-branes become M5-branes, and in order to get a sensible solution, we 
need to specify the positions of these M5-branes on the M theory circle; for instance, if they 
are all overlapping, our solution will contain a weakly curved region looking approximately like 
AdSj x S 4 , describing the near- horizon limit of JV5 M5-branes on AdS$ x S 1 , while if the M5- 
branes are separated we will have large curvatures (in M theory) in this large p regime. The nice 
thing is that the solution in the region where type IIA string theory is weakly coupled is almost 
independent of these specific positions, which is why the smearing we performed to go down to 
type IIA is justified (at least in the region where type IIA string theory is reliable). 



4.2.2 Near the kinks 

We now analyze the behavior of the various supergravity fields near the points (p = 0, 77 = rij), 
i = 1, • • ■ ,L, where A' (77) jumps. Using polar coordinates p = rcos(#), 77 = », + rsin(#), 
-tt/2 <6 < it/2, we find as r ->• 

V = X(m) + 0(r), V" = -§(04 - Oi-iJi + 0(r°), 

V' = i( a< - ai_i)(sin(fl) - 1) - E^+iK- ^ a i-l) + A = -A^Xa* - a 2 -i)±. 

(4.16) 

The metric then behaves as r — > as 

ds 2 10 -> g(r) 1/2 (4ds 2 AdS& + ds 2 s2 ) + giry^idr 2 + r 2 ds%), (4.17) 
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4 SOLUTIONS WITH ONE STACK OF NS5-BRANES 



where the S 2 comes from the \ an d coordinates, and 

g(r) = -4 A( " t} r. (4.18) 
(a, — fti_ij 

The remaining supergravity fields behave as follows near r = : 

e 40 -64 A(ni)(a< 1 _ a< _ l)a r3, B (2) -+ -2M0 2 , 



Ad 



|(oi - a J _i)(sin(0) - 1) - Ej=i+i( a j - a j-i) rf X, -4(3) -> -2A(n l )dx A d^ 2 - 



(4.19) 

Since the S 1 labeled by x vanishes at p — both below and above the singular point, we can 
construct a two-cycle by joining this S 1 with the angular coordinate 9 around the singularity. 
We then have the following non-zero 2-form flux on this two-cycle : 

T\ 2) = J_ 2 F l {2) = 2ir( ai - 0i _i). (4.20) 

This behavior suggests an interpretation of the supergravity solution as including a stack of 
(o»-i — o») D6-branes, wrapping an AdSs x S 2 space at p = 0, T] = rij. One can check that the 
behavior of the metric and dilaton is consistent with this interpretation; of course the curvature 
blows up as r — > 0, but that is what we expect from the back-reaction of the D6-branes. In some 
cases it may be possible to describe the solution in this region as involving D6-brane probes; we 
will discuss in more detail below when this is reliable. The total number of D6-branes is given by 

L 

N D6 = 5Z( a »-i - a i) = «o - a L . (4.21) 

i=l 



4.2.3 Near the corners of E' 

Finally, our two dimensional space has corners at p = 0, i] = 0, N 5 , and we want to analyze what 
the solutions look like there. For (say) i] = 0, using polar coordinates r\ = rsin(#), p = rcos(6), 
with < 6 < 7r/2, we get for r -> 

V = - Ht=i(ai - sin(») + «(r 2 ), V" = P(7V 5 )r sin(0) + 0(r 2 ), 

2 (4-22) 

V' = a + O(r), A=(ESi 1 (ai-ai-i)) + O(r), 

where we defined 

5 i=l 

The result is written in terms of the trigamma function ?/>D) ( x ) ^ defined in terms of Euler's gamma 
function by ^(x) = ln(r(x)). Note that 

L+l 

~ y^( Q » ~ a »-l) = + «L = oo- (4.24) 

1=1 



2^ ( 



\2N 5 



2 2 

7T CSC 



2N, 



(4.23) 



4.2 Behavior near special points 
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The metric has the asymptotic form as r — > 



2«o V( AJ « , 2P(JV 5 ), 



rfs 10 = I -p^y J (±dsi dSs + —^[dr 2 + r\d6' + cos' (9)d X * + sirr^)^)] ) , (4.25) 

which looks just like AdS$ times a smooth five dimensional space (written in polar coordinates). 
The remaining supergravity fields behave as follows 

(4.26) 

A(i) -> a dx, A (3 ) -> -4P(JV B ) sm 3 (#)r 3 d X A dfl 2 , 

and they are also all smooth as r — > (with no fluxes localized there). Thus, we conclude that 
the apparent singularities at the corners are just artifacts of our choice of coordinates. 

A similar analysis shows that the solution is smooth at p = 0, r\ = In particular one finds 
that the 1-form potential there is 

A w -> a L d X , (4.27) 

as expected since all the D6-branes are in the interval p = 0, < r\ < N5. 

Thus, the only singularities in our space correspond to NS5-branes and D6-branes, and these 
branes are exactly the branes we expect to find by taking the near-horizon limit of the D4-branes 
in the brane configurations that we started from. 



4.2.4 The 4-form flux 

The supergravity solutions include non-trivial profiles for the NS-NS 2-form potential B^ and 
the RR 1-form potential -A(i). In such a case, the type IIA 4-form is not conserved, but 
rather satisfies dFu\ = A F( 2 ) ■ Thus, if we want a conserved 4-form that could lead to a 
conserved charge, we need to take a different 4-form 

F(4) = F(4) + aA (1) A H (3) - (1 - a) B (2) A F (2) , (4.28) 

for some real constant a. Generally the Page charge coming from such a 4-form (with a = or 
a = 1) is the only conserved and quantized charge, but it is not gauge- invariant due to the gauge 
freedom of shifting B( 2 ) an d ^4(i) ( see EH] for a general discussion, and [5] for a detailed discussion 
of an analogous situation). In our solutions we can sometimes fix this freedom by requiring Fu-\ 
to be non-singular, even when the 1-cycle S 1 and the 2-cycle S 2 shrink to zero size. 

However, it is not possible to find a conserved and globally well-defined 4-form when there 
are both NS5-branes and D6-branes. The technical issue is that to define a conserved 4-form we 
need to have either Br 2 ) or Am\ non-singular. However, Aru jumps by the number of D6-branes 
as we go along the 77-axis from one side of the D6-brane stack to the other, so it cannot be taken 
to vanish all along the region where the corresponding 1-cycle vanishes. The same is true for B( 2 ) 
at 77 = and r] = N 5 , the two opposite sides of the location of the stack of NS5-branes at p = 00. 
The fact that the definition of the D4-brane charge in this case is problematic is related to the 
fact that [2] configurations of D6-branes intersecting NS5-branes carry D4-brane charge (due to 
the Chern-Simons term in the type IIA supergravity action); and, related to this, the number of 
D4-branes ending on an NS5-brane (D6-brane) changes as this brane is moved past a D6-brane 
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4 SOLUTIONS WITH ONE STACK OF NS5-BRANES 



(NS5-brane), so it is not clear how to identify this number. This is related to our discussion of 
the linking numbers in section [2] 

Nevertheless, there is a natural way to define a conserved 4-form charge in our solutions. The 
4-form T\ = Fm — B( 2 ) A F( 2 ) is well-defined near all the stacks of D6-branes at p — 0,7] = m, 
and the 4-form Ti = Fu\ +Am f\H(3) is well-defined near the stack of NS5-branes at p — oo. We 
can extend the regions where these two 4-forms are well-defined so that together they cover all of 
£'. The main constraint is that the region £2 where T2 is well-defined cannot include any point 
in the interval p — 0, 77 £ [n<i,n.z,] (where the S 1 on which Am 7^ shrinks to zero size), while 
the region £1 where T\ is well-defined cannot include the point p = 00. This leaves us with two 
possible choices for the topology of these regions. We can take £1 to be a region that intersects 
the ry-axis along [0, a] and the p-axis along [0, b], where < a < N5 and b < 00, and £2 to be 
the complement of this region, see figure 2] this fulfills the requirements above. There is then a 
unique non-singular choice for T\ in £1, given by choosing Ai\\ (by a large gauge transformation) 
to vanish on p = 0, 77 G [tt-l, N&], and similarly there is a unique non-singular choice for J- 2 in £2 
by choosing B( 2 ) (by a large gauge transformation) to vanish at r\ = 0. The other choice is to take 
£1 to be a region that intersects the 77-axis along [a, N 5 ] and covers the interval p £ [0, 6], r\ = N5 
with < a < n\ and b < 00. The two choices are related by 77 — > N$ — 77, so we will focus on the 
first choice here. 




Figure 4: The Riemann surface £'. We depict the first choice for the surface £1 on which T\ is 
well-defined, and for the surface £ 2 on which T2 is well-defined, separated by the curve 7. 

At first sight, the fact that we used two different 4-forms to cover £' does not allow us to 
obtain a conserved charge. However, consider the integral of T\ on the boundary 3Yj\ of £1 (times 
S 1 x S 2 ). Since dJ-i = 0, this integral vanishes. On the other hand, it has two contributions; 
one from the "external" boundary of 0£i which is along <9£', where it gets contributions from 
the stacks of D6-branes (and not from any other points on the boundary), and one from the 
"internal" boundary, along the curve 7 in figure [4] Similarly, the integral of T2 on 9£ 2 also 
vanishes, and it is given by the contribution from the stack of NS5-branes at p — 00, plus the 
contribution from the "internal" boundary. If we add these two integrals, the total contribution 



4.3 The dual gauge theory 
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from the "internal boundary" 7 is the integral of 

Tx- F 2 = -d{B {2) Ai (1) ) (4.29) 

along this boundary; but this is just proportional to the difference in the values of B( 2 ) A An\ 
between the two edges of this boundary 7 at p = 0,rj — a and p = b, 77 = 0, and this vanishes 
since either J3( 2 ) or ^4^) vanishes at each of these points. Thus, we find that the sum of the 
4-form fluxes T\ or T 2 over all the stacks of D6-branes and the stack of NS5-branes vanishes, so 
this defines a conserved charge. It is natural to relate this charge to the number of D4-branes 
ending on the D6-branes or the NS5-branes, so we identify it with the linking number discussed 
in section [2j 

Let us now apply the condition above to fix and 5(2)- We must impose that A^ 
vanishes on the interval p = 0,rj £ [riLjNs] and B( 2 ) on the p-axis, by judiciously making large 
gauge transformations. In our solutions -B( 2 ) already vanishes on the p-axis, while to achieve the 
condition on A(i), in view of equation (|4.27j) . we perform the large gauge transformation 

/ 2VV' \ 

A {1) ^ A {1) - a L = I ^— j-a L J d X . (4.30) 

With this choice of RR 1-form potential, the 4-form flux coming from the stack of NS5-branes is 

/ T 2 = -(27r) 3 OiJV 6> (4.31) 

and the 4-form flux coming from the i th stack of D6-branes is 

T x = (2TT) 3 n t (a t ~a^ 1 ). (4.32) 

The sums of all these fluxes vanish, as can be seen by using the constraint equation 



4.3 The dual gauge theory 

Type IIA string theory on the spacetimes described above was claimed in [TS] to be dual to the 
Af = 2 superconformal field theories reviewed in section [2] We can make this translation precise 
by using the brane interpretation. The general solution (I4.6P is dual to a system of D4-branes 
stretched between and intersecting a stack of A% NS5-branes and L stacks of D6-branes, in the 
near-horizon of the D4-branes. We can read off the numbers of D6-branes in each stack from 
the 2-form flux, and their linking numbers from the 4-form flux, as described in the previous 
subsection. As described in section [21 this is enough to identify the dual gauge theory. We find 
that : 

• There is an SU(X n ) gauge group factor for each integer value n = 1,2, N$ — 1 of 77, where 
A„ = A(n). 

• If there is a kink at 77 = n, then there are an extra (a„_i — a n ) fundamental hypermultiplets 
charged under SU(X n )- 
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• The supergravity solution describes the strong coupling limit of the gauge theory, when all 
the gauge couplings g n become arbitrarily strong. 

The last observation follows from the fact that in the solutions we described up to now there 
is a single stack of NS5-branes (so all the NS5-branes in the brane configuration are on top of 
each other). We can think of the 2L parameters {fcj, rii] of the solution as describing the number 
of D6-branes in each stack and the linking number of the D6-branes in each stack, respectively. 

In the classical analysis of the brane system of section[2]it is natural to separate the NS5-branes 
into multiple stacks, making some gauge couplings finite (while others are still infinite). In the 
next section we construct the supergravity duals to a system with an arbitrary number of stacks 
of NS5-branes. In this way we establish a one-to-one correspondence between our supergravity 
solutions and all possible strong coupling limits of the associated M = 2 SCFTs. 



4.4 Examples of supergravity solutions 

We now provide the explicit solutions dual to the specific SCFTs analyzed in subsection 12. 2\ 
when all the gauge couplings g n become arbitrarily strong. The simplest solutions are described 
by line charge densities with a single kink (one stack of D6-branes). A simple example of such a 
line charge density X(ri), invariant under 77 — > N§ — 77, has the following profile 

X(n) — I NT] if °" "I - N5/2 

A[V) ~ \ N(N 5 - 77) if AV 2 < 77 <N 5 . [ ^ 66) 
It is depicted in figure [5] a) . The associated solution is 

V(p,v) = -2 [ 2N (vV + fa - 2mN 5 - N5/2) 2 - vV 2 + (V - 2mN 5 + N 6 /2)*) - 

171= — OO 

(vV 2 + (V - 2mN 5 - N 5 ) 2 - vV + (77 - 2mN 5 + iV 5 ) 2 ) . 

(4.34) 



-N I 



The corresponding supergravity solution has one stack of 2N D6-branes and one stack of ./V5 
NS5-branes. It is dual to the linear quiver in figure [2] a), when all the gauge couplings are taken 
to infinity. 

Another example, that was analyzed in detail in |17) . is the solution described by a simple 
line charge density with two kinks. This line charge density X(r]), as depicted in figure [5] b), has 
the following profile invariant under r\ — > N 5 — rj ; 

( Nr] if < 77 < 1 

A(r?) = I N if I < 77 < 7V 5 - 1 (4.35) 

[ N(N 5 -r]) if N B -1 < 77 < AV 

With this choice of parameters its periodic extension can be written in a compact form 

N 00 3 

A pfa) = T Yl 22(\r) + 2mN 5 + Vi\ - \n + 2mN s - , (4.36) 



2 

m— — 00 i—1 



4.5 Validity of the supergravity solution 
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Figure 5: a) Simple example of a line charge density A(ry) describing one stack of 2iV D6-branes. 
b) Simple example of a line charge density A (77) describing two stacks of N D6-branes. 

where v\ = ri\ = 1, 1/2 = n.2 = iVg — 1, 1/3 = — r*3 = — iVg. The solution is 

V(p,v)=--2 J2 (vV 2mN5 ~ ~ vV + (V - 2m^5 + ^) 2 ) ■ (4.37) 

m— — 00 i—1 

The supergravity solution has two stacks of AT D6-branes and one stack of N5 NS5-branes. It is 
dual to the linear quiver in figure [5] b) , when all the gauge couplings are taken to infinity. 

4.5 Validity of the supergravity solution 

In this subsection we discuss for which values of the parameters the solutions above provide a good 
description of the holographic dual of the field theory. Apriori we require that the solutions should 
have weak coupling (otherwise we need to lift to M theory), and small curvatures (otherwise we 
need to take into account stringy corrections to supergravity). However, we saw that (as we 
expected on general grounds) all our solutions involve regions which look like D6-branes (where 
the curvature diverges) and like NS5-branes (where the string coupling diverges). So, we cannot 
require small couplings and curvatures everywhere. The minimal thing we can try to require 
is to have small couplings and curvatures far away from the D6-branes and NS5-branes (this 
requires in particular that the radius of the region where their back-reaction is large is smaller 
than the typical scale in the geometry). In such a case we could reliably describe all the bulk 
fields, but not the fields living on the branes (which include, in particular, gauge fields living on 
the D6-branes giving the flavor symmetry currents). We could also ask whether the low-energy 
fields living on the D6-branes and NS5-branes are weakly coupled or not, and when they are we 
could describe these fields reliably as well. Finally, in some cases it may be possible to reliably 
treat the D6-branes as probes, in which case we could reliably describe all the open string fields 
living on the D6-branes (with small corrections from open string loops). 

A first obvious comment is that near the NS5-branes the solution is weakly curved (in the 
string frame) only for large A^, so this is a necessary condition for the validity of our solutions. 
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Similarly, if we lift the solution near the NS5-branes to M theory, its curvature (in eleven di- 
mensional Planck units) again goes as a negative power of JV5. In particular this means that the 
solution for 7V 5 = 2 (corresponding to the SU(N C ) theory with 2N C flavors) is not reliable, and 
we need to go beyond supergravity in order to construct the holographic dual of this field theory 
(the dual of this specific theory was recently discussed in [TH HI]). It is possible that, as for 
NS5-branes in flat space, one can find an exact worldsheet theory that describes the region close 
to the NS5-branes, and that this region could then be controlled even for small values of N$ (at 
least in the string theory regime where we do not lift to M theory) - this is a topic that we leave 
to future investigations. 

Next, let us analyze various scalings we can perform in our solutions, related to the scalings 
of field theory parameters that we discussed in section [5] One thing we can do is to multiply V 
(and thus also A (77)) by some integer K\ > 1. This leaves the string frame metric intact, while 
multiplying the 2-form and 4- form fluxes by K\ (but not the 3-form flux) , and multiplying 1 / g s 
by K\ as well. In the field theory this is identified with scaling the numbers of D4-branes and 
D6-branes, but not of NS5-branes; N is taken to be large with fixed g s N and with a fixed quiver 
diagram. This limit decreases the closed string loop corrections to our solutions, while keeping 
the curvature corrections and open string loop corrections the same. This limit is similar to the 
usual 't Hooft large N limit. 

Another scaling we can perform is to take r/ — > K2 * r/, for some integer K2, and to take 
V{p,rf) to V(p, rj) — KiV{pj Ki-,r\j K-i) which is still a solution to the equations of motion. This 
transformation multiplies N§ and the numbers of D4-branes by K2, while keeping the numbers of 
D6-branes (related to the ai) fixed. The distances in the string frame (for instance, the radius of 
the S 2 ) become larger by a factor of ^fK% (thus decreasing the string frame curvature by a factor 
of K2), and the string coupling constant is also multiplied by ^/Ku. So, this scaling increases the 
string loop corrections while reducing the curvature corrections to our solutions. If we perform 
this scaling together with the one of the previous paragraph (with K\ = K2), then the numbers 
of NS5-branes and D6-branes are both rescaled, and both string loop and curvature corrections 
become smaller. However, the open string loop corrections on the D6-branes become larger in 
this rescaling. 

At low energies, the theory on the i th stack of D6-branes is a U (flj-i — ai) gauge theory living 
on AdSs x S 2 , with coupling constant g\ M m = g s (a') 3 ^ 2 (up to constants of order one). The 
AdS / CFT correspondence maps this to the flavor symmetry of the relevant hypermultiplets in the 
fundamental representation. This gauge theory gives a good description of the low-energy physics 
on the D6-branes in our solutions as long as the 't Hooft coupling constant gyM D6( ai ~ 1 ~ a 
is small at the scale of the AdSs x S 2 that the 6 + 1 dimensional field theory lives on. In our 
solutions the size of the AdS$ x S 2 and the dilaton go to zero near the D6-branes, but this is 
because of the back-reaction of the D6-branes themselves, and by comparing the solution near 
the D6-brane to the general near-horizon limit of D6-branes we can extract the gauge coupling 
constant on the D6-branes at the scale of the space that the D6-brane lives on. We find that 
this goes as g Y M r>6( a «-i — a i)/^-AdS^ ~ ( a i~i ~ a i)/^( n i)i U P t° numerical constants. Thus, the 
low-energy gauge theory on the D6-branes is weakly coupled as long as (a^_i — <2j) -C A(rij) for 
all i. Generally this will be true in our solutions as long as the rij's are large, namely we have 
a product of a large number of gauge groups. Note that this is not true in the large N limit of 
the two specific examples discussed above, so in these examples the theory on the D6-branes is 
strongly coupled. 
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Similarly, at low energies, the theory on the NS5-branes is a six dimensional (2, 0) supercon- 
formal field theory living on AdS§ x S 1 ; the dimensional reduction of this theory on the S 1 leads 
to a low-energy theory which is a U(N 5 ) gauge theory living on AdS$, with coupling constant 
9ym NS5 = Rs 1 ( U P to constants of order one). This gauge theory maps to an enhanced global 
symmetry that the field theories reviewed in section [2] have at infinite coupling (when all the 
NS5-branes in the brane construction overlap). This gauge theory gives a good description of 
the low-energy physics on the NS5-branes in our solutions, at scales below 1/R s i, as long as the 
coupling constant g\ M NS5^5 is small at the scale of the AdS§ that the 4 + 1 dimensional SYM 
theory lives on. Since in our solutions near the NS5-branes Racls 5 = Rs 1 , this is never true, so 
we cannot approximate the low-energy theory living on the NS5-branes by a Yang-Mills theory. 

5 Solutions with multiple stacks of NS5-branes 

The geometry and topology of the solutions of the previous section suggest a natural generaliza- 
tion of the boundary conditions p,14j) . to construct solutions with m > 1 stacks of NS5-branes. 
The form of the metric (13.171) implies that a stack of NS5-branes can only be located at p = oo. 
Furthermore, the appearance of a 3-cycle due to the boundary conditions at r/ = 0, N§ indi- 
cates that, to obtain a geometry with m 3-cycles, it is necessary to impose similar boundary 
conditions V = at m — 1 lines located at constant values rj — rjk,k = 1, ...,m — 1, with 
< 771 < 772 < ... < r) m -i < N5 (quantization of the 3- form flux will imply that the rjk should be 
integers). These lines must extend to p — 00 where the 5-branes sit, and they must be parallel 
to the p axis, but they do not need to extend all the way to p — 0; indeed they cannot do this 
without violating our boundary condition for V there. Thus, such a solution should be subject 
to the following m — 1 extra boundary conditions 

^lp6[Li,oo), 77=7)! — V\pe[L 2 ,oo), ri=ri2 = ••• = ^ IpG [L,„__i ,00), 77=7) m _i = 0' (5-1) 

with some parameters Lk > 0. These conditions can be seen as introducing m — 1 semi-infinite 
cuts to the half-strip. If we think of the problem in electrostatic terms, the boundary conditions 
(|5.1I) correspond to m — 1 infinite conducting planes with concentric circular apertures of radii 
{Lk} located at {77 = 77^} . 

Apriori it is not clear if this is sufficient to separate the NS5-branes into multiple stacks, since 
the 77-coordinate shrinks to zero size at p = 00. In order to understand this better, we consider 
the original coordinates (r, y) ; in these coordinates separating the 5-brane stacks means putting 
them at different values of r (while we still smear them over the angular coordinate 0). Recall 
that V = ln(r), and note that we have the freedom to shift V by an overall constant without 
changing the solution. For the solution with one stack of NS5-branes, we have V P ^°°> C where 
C is an arbitrary (unphysical) constant parameterizing this freedom. These observations imply 
that a solution in which the m stacks of NS5-branes are separated in the r-direction should have 
the following boundary values : 

y lp=oo, ?7e[0,r;i] = Clj V |p=oo, J?e[»?i,r;2] = •■■ , V |p=oo, Tj6[7)m-l,JV 5 ] = Cmi (5-2) 

with {Cfc} being different constants. We will see below that indeed this behavior of V follows 
from (|5.1[) . with some specific relation between the parameters Lk and Ck+i — Cfc. A schematic 
representation of the boundary conditions for a solution with m > 1 stacks of NS5-branes is given 
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in figure [51 Note the presence of new non-trivial 3-cycles as compared to the solution with one 
stack of NS5-branes. We will show this explicitly below. 
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Figure 6: The boundary conditions to the Laplace equation in terms of V when we separate 
the NS5-branes into m stacks, corresponding to making (m — 1) gauge couplings finite. These 
boundary conditions determine the behavior of V at p = oo, which in turn controls the value of 
the (m — 1) finite gauge couplings. 



5.1 General solution with m > 1 stacks of NS5-branes 

A general solution with m > 1 stacks of NS5-branes is defined by the line charge density (|4.1j) and 
by m — 1 cuts parameterized by 2(m — 1) constants {Lk,r]k} (see figure^. The constants {Ck} 
are fixed by the latter as we explain below. Unfortunately we were not able to find the general 
solution to the Laplace equation with these boundary conditions, but we can easily understand 
some of its general properties. The solution restricted to the rectangular region defined by 
p < mm({Lk}) is subject to the boundary conditions (|3.14[) and takes the form 



V\p<min({L k }) = V 



OO 



A ^[ W A+B n h(-p 



(5.3) 



where A n is determined by the boundary condition at p — and is given by the same expression 
as in the m = 1 case (|4.7j) . The solution restricted to one of the m semi-infinite strips defined 
by p > max(Lfe,L fe _i),77 G [rjk-i,rik\ (with L = L m — 0,r) = 0,r/ m = A^ 5 ) is subject to the 
boundary conditions 

p— yoo 



V 



^ 0. 



(5.4) 



5.2 Behavior near special points 
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Thus, it can be written as 

(k) 

where orjk = r)k ~ Vk-i- Note that we used the boundary condition at p = oo to fix B n ' = 0. We 
also have 

(5.6) 

The various integration constants appearing in the solution (e.g. Ck,B n ,An) are in principle 
determined in terms of {Lk,rjk\ by requiring continuity of V and V' at the overlaps of the 
different regions. Note that V' is not continuous along the cuts at rj = r)k, but jumps as we go 
from one side to the other (in the full geometry the two sides of the cut are at different positions 
in space-time). 

In the rest of this section we use the implicit form of the solution (|5 . 3[) . (|5.5[) and (|5 .6[) 
to clarify the topology of the solution, show that it is smooth and give its precise field theory 
interpretation. 



5.2 Behavior near special points 

To understand the topology of the solution, we analyze the behavior of the supergravity fields 
near the zeros and singular points of the potential V(p, rj) and its various derivatives. One can 
show that the analysis of the solution (|5.3|) at special points with p = (rj = rii, i = 1, • • • , L and 
r\ = 0, N5) remains unchanged with respect to the case of one stack of NS5-branes. Thus, the 
geometry of the general supergravity solution parameterized by (|5.3|) still contains L non-trivial 
2-cycles Sf and 4-cycles £4 as depicted in figure [7] But new features arise due to the cuts, that 
we analyze in detail below. 



5.2.1 Asymptotic region at p — >• 00 

We want the behavior of the various derivatives of the potential V(ji 7 p) in the asymptotic region 
p —} 00, r\ G [r)k-x,T)k] (with r/o = 0,r] m = N$). As shown above, the solution restricted to 
p > max(Lfc_i, L fe ) (with L = L m = 0) and rj € [r)k-i, Vk] is given by 



1 07]k 



5rjk 



p I sm 



Srji 



iv-Vk-i) 



(5.7) 



where Srjk = rjk — 7/fc— 1> Following the analysis of the previous section, the metric has the 
asymptotic form 



ds 2 w -> Mds 2 Ad s 5 + dx 2 



26^ 



sm 



ir{r) - r)k-i) 



dsl 2 



Sri* 



drj 2 



+ g-df. (5.8) 
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Figure 7: Non-trivial cycles of the solution with m stacks of NS5-branes and L stacks of D6- 
branes. 



In the parentheses we have an S 3 with a constant string frame radius proportional to \fSrjk- The 
remaining supergravity fields behave as follows 



2ATsin 



3 1 / 2 e^. 



D 



An 



(i) 



-a L dx, 



(2) 



A (3) -> 0. 



^sin(^ 



(y-Vk-i) 



cos 



dn 2 , 



(5.9) 



The 2-sphere vanishes both at rj = rik-i and at rj = rjk, so the 2-sphere times the interval 
rj € [f]k-ijf]k] is topologically a 3-sphere. Only the second term in B/ 2 ) contributes to the 3-form 
flux on this 3-sphere : 



H 



(3) 



(3) = -(27r) 2 (5r? fe . 



(5.10) 



The form of the supergravity fields signals the presence of a stack of Srjk NS5-branes localized 
at p = co and wrapping an AdS^ x S 1 subspace. The 4-form flux coming from this stack of 
NS5-branes is 



/ T 2 = -(2ir) 3 a L 5r] k , 



(5.11) 



which is identified with the linking number of Sr/k NS5-branes, each with linking number a^, in 
complete agreement with the classical brane picture (which implied that the linking numbers of 
all NS5-branes must be equal). 

We conclude that the solution describes m stacks of NS5-branes, one for each value of k. We 
also find a non-trivial 3-cycle for each value of k as depicted in figure [3 giving a total of m 
3-cycles. Note that the total number of NS5-branes is J^fcLi ^Vk = 



5.2 Behavior near special points 
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5.2.2 Near the tip of the cuts 

Along the cuts at rj = rj k our solutions are not smooth, and V jumps as we cross the cut. 
However, the full supergravity solution is smooth, as we show next by analyzing the solution 
near the tip of the cuts {(p = L kl rj = r/ k )}. For a given k we introduce complex coordinates 

w = [(L k -p)+i(r)-r) k )]*. (5.12) 

The Laplace equation for V(p, 77) takes the form 

[4L k d w d a - wd w - wdu, - 2(w 2 + w 2 )d w d i0 )V = 0. (5.13) 

As w — > it reduces to d w dn,V = 0. So, a real solution has the asymptotic expansion near w — > 

V = -a k w a -a k w s + 0(w a+1 ), (5.14) 

for some constants a and a k . The boundary condition (|5.1I) at p = L k .r\ = r\ k becomes 
V'| Re ( lu - )= o = 0. It implies a k ,a € K and a — 2 = n € Z + . Below we prove that V/V" > 
and V" > everywhere in the interior of The solution has to satisfy these inequalities also 
near the cut; they lead to n = 1 and a k > 0, respectively. Then, in terms of polar coordinates 
w 2 = re~ l ( 6 ~^ (for which 9 = on one side of the cut, and 9 = 2n on the other side) we get for 
r -> 

V - 3o fc i*rVa sin (f ) + 0(r), 7" = |a fe ^ sin (|) + 0(r°), 



V> = \a k L k ^ cos (f ) + 0(r°), A = faiLfl + O (^) 
The metric then has the asymptotic form 



ds 10 -> L fe 



^/.w- l(/s , + -I — ; s„r { - ) rfs| 2 + i-i(dr 2 +rW) + 4d X 2 



(5.15) 



(5.16) 



which looks just like AdS^ times a smooth five dimensional space R 4 x S* 1 (written in polar 
coordinates). The remaining supergravity fields behave as follows 

e^->f^, 5(2) -> -2 Vk dn 2 , A (1) ^0, A (3) ^0, (5.17) 

and they are also all smooth as r — > (with no non-trivial fluxes localized there). Thus, we 
conclude that the supergravity solution is smooth at the tip of the cuts, despite the discontinuity 
in V and V' along the cut. 



5.2.3 Positivity of the metric 

Finally, we need to verify that our general solutions satisfy the positivity condition (|3.20[) every- 
where. The proof that V > goes along the same lines as for the case of one stack of NS5-branes, 
by using Hopf's maximum principle |27] and the boundary conditions (|4.9|) and (|5.ip . 

To prove that V" > we define a new function V" = V" — V{' s , where V{' s is the solution 
with one stack of NS5-branes (I4.6P . Since both V" and V{' s satisfy the axially symmetric Poisson 
equation in three dimensions (|3.15p . it follows that V" satisfies the axially symmetric Laplace 
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equation in three dimensions p. lip . The boundary conditions for V" arc then derived from those 
of V" and V" a . We find (for [(L k - p) + i(v - Vk)]^ = re~ i( - 9 -^ as above) 

V'% = o,N 5 = 0, V" ^> 0, 

(5-18) 

V"\ p> L h , n = Vk = f(p)S(v ~ Vk) + finite, V" ^> \a k -^ sin (f ) + finite, 

where f(p) is non- negative, and obeys 

(p-£ fe ) 1/2 as p^L k , f{p)^^C k+l -C k . (5.19) 

The maximum principle for the Laplace equation [27] then implies that V" > in the interior. 
Since we proved in section 4 that V" s > in the interior, it then follows that also V" > 0. This 
establishes positivity of the metric. 



5.3 Field theory interpretation 



We conclude that the supergravity solutions described in this section are dual to D4-branes 
stretched between and intersecting L stacks of D6-branes and m stacks of NS5-branes, in the 
near-horizon limit of the D4-branes. They describe the strong coupling limit of the corresponding 
linear quiver (see section [2J, when the m — 1 gauge couplings {g Vk } of the gauge groups coming 
from D4-branes stretched between the m stacks of NS5-branes are kept fixed, and all other gauge 
couplings are taken to infinity. The 2L parameters {04 — 04—1, 714} give the number of D6-branes in 
each stack and the linking number of each stack, respectively. Similarly, the 2(m — 1) independent 
parameters {Srj k , C k } can be seen as the number of NS5-branes in each stack (the number of NS5- 
branes in the m th stack being fixed by the condition J2 k ^Vk = N5) and the values of the gauge 
couplings g Vk that are kept fixed, respectively. 

To make the relation between {gr) k } and {C k } precise, we want to compute the value of {gr) k }- 
We can do this by considering an instanton in the relevant gauge group, whose action should 
be &ir 2 / g 2 k . In our gravity solution this maps to a Euclidean DO-brane stretched between the 
k th and (k + l) th stacks of NS5-branes, such that the DO-brane's world-line is embedded in the 
D4-branes' world-volume. One can show that solving the equations of motion for the embedding 
of this DO-brane in the (p, rf) plane implies that it wants to stay as close as possible to the cut at 
rj = r] k , so that the world-line r of the DO-brane may be parameterized by 



lim (i{p,v)\ L k < P < 00,77 = Vk - e}|J {(p,rj)\L k < p < 00, r) = r) k + e}j 



(5.20) 



In addition the DO-brane sits at some position x( T ) 011 the circle. We identify the action of the 
probe DO-brane with the instanton action Sdq = 8Tr 2 /g 2 k . The total Euclidean action of the 
DO-brane is the sum of the DBI action and the Wess-Zumino term 
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T / dre-ty/h- 



i Ho 



x dr 



(5.21) 



where T n 



Mo 



'a'. The induced metric on the DO-brane world-line ds D0 — hdr 2 is derived 



from the 10-dimensional metric (|3.17|) . and is given by (recall that k = (a') 3 / 2 ) 



h =k 2/3 lim 

e^O 



9pp ' 9xx \ 



d\ 



9{p-L k ). (5.22) 



- 1 rj=ri k +t / 
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The solution to the equation of motion for the transverse coordinate x(p) is 

where c is an integration constant. The requirement dx/dp P ~ > °°> fixes c = 0. Using that 
V\ n=rik ± e — V"\ ri=rik ± t — for infinitesimal e, after some algebra we find 



/>oo 

/ dp lim (d p V'\ v =r, h - e - dpV'\ n =r) k +<d 8(P ~ L k) 
Jo £ ^ u 

oo 

dp{d P Vl +1 - d p V k %=m = C k+1 - C k . 



(5.24) 



It then follows that 



^-=C k+1 -C k . (5.25) 

Recall that in the 't Hooft-like large N limit described in section 1431 we scale V with N, such 
that the ranks of the gauge groups and numbers of flavors are proportional to N while the 
quiver diagram remains fixed. In this limit the right-hand side of (|5.25p scales with N, so that 
the 't Hooft couplings g^ k X(rjk) of the gauge groups with non-infinite couplings remain fixed, as 
expected. 

Finding the relation between the {C k } (or the gauge couplings) and the {L k } is more com- 
plicated, and seems to require finding explicit solutions to the Laplace equation. We leave this 
to future work. Perhaps explicit solutions can be found with some smearing of the sources; in 
particular it would be interesting to understand if the solutions of |30j can be understood in this 
way. 
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